Abstract. A scale space for images painted on surfaces is introduced.
Introduction
In this note we introduce and study a geometric scale space for images painted on a given surface. We show that a natural scale for images painted on surfaces can be constructed by considering the iso-gray levels of the image as curves on the surface, and nding the proper geometric heat ow in the metric induced by the immersion. Speci cally, we study the properties of the geodesic curvature scale space ( g scale space) for images that are painted on a given surface.
Recently, surface curves ow by their geodesic curvature was studied in 9], numerically implemented for curves with and without xed end points in 12, 3] , and used for re nement of initial curves into geodesics (shortest paths on surfaces) in 11]. In 9] Grayson studies the evolution of smooth curves immersed in Riemannian surfaces according to their geodesic curvature ow ( g ow). The g ow is often called curve shortening ow since the ow lines in the space of closed curves are tangent to the gradient of the length functional. It is the fastest way to shrink curves using only local (geometrical) information. The curvature ow is also referred to as the Heat Flow on Isometric Immersion since it is the heat equation as long as the heat operator is computed in the metric induced by the immersion.
Grayson showed that as curves evolve according to the geodesic curvature ow, the embedding property is preserved, and the evolving curve exists for all times and either becomes a geodesic or shrinks into a point. We will limit our discussion to smooth Riemannian surfaces which are convex at in nity (the convex hull of every compact subset is compact). Moreover, we shall deal only with surfaces which are given as a parameterized function in a bounded domain.
Given these conditions, one can apply Grayson`s Theorem 0.1 in 9] that states that the g ow shrinks closed curves to points while embedding is preserved. Open curves`behavior depends on the boundary conditions, and could either disappear at a point in nite time or converge to a geodesic in the C 1 norm, i.e. the geodesic curvature converges to zero. By open curves we refer to curves that connect two points on the boundary of our nite domain (two points on the image boundaries).
We use the equations developed for curves in 12], generalize them, and formulate the natural scale space for images painted on surfaces. This generalization is based on the observation that any gray level image can be expressed as a set of curves that correspond to its iso-gray level curves. Thus, evolving each of these curves according to the g ow leads to the evolution of the whole image, and the construction of the g scale space.
Since the g ow is intrinsic, so is the image ow. Given a surface and an image that is painted on that surface, the g ow will be invariant to bending (isometric mapping) of the surface. A simple example is an image painted on a plane. In this planar case, the g ow is equivalent to the planar curvature ow. It was proven in 7, 8] to shrink any planar curve into a convex one and then into a circular point, while embedding is preserved. Assuming that the plane with the image painted on it is bent into a cylinder, applying the g ow on the new image obtained by taking a picture of the cylinder, guarantees that the sequence of evolved images on the surface can be mapped into the sequence of the evolved images on the plane. This mapping is the same one that mapped the initial planar image onto the cylinder. The result is a ow which is invariant to the bending of the surface. This is a useful operator in computer graphics, e.g. as a post process after texture mapping.
Relation to Existing Scale Spaces
Exploring the whole theory and history of scale space and its various applications in image processing and computer vision is beyond the scope of this paper. We refer to 16], for a recent collection of papers dealing with linear and non linear scale spaces.
Originally, the classical heat equation I t = I (where I I xx + I yy ) was considered to be a good candidate for the description of scale. Its linear properties lead to e cient implementations that could be realized in the Fourier domain with low computational e ort. The observation that the complexity of the image topology can increase when applying the heat equation (local maximum points can be formed) as well as the need for invariant ows under di erent transformation groups, lead to the consideration of other, non linear, scale spaces 2, 1, 17]. Most of these non linear ows have a simple and natural mathematical relation to the evolution of the gray level sets of the image. The obvious reason is the requirement for preserving the embedding of the gray level sets along the evolution, as well as the smoothing of the level sets with the scale parameter, so that the topology of the image is simpli ed along the scale. This links Gage, Hamilton and Grayson`s result of the curvature ow of planar curves to Gabors' historical image enhancement algorithm 6, 14] . We shall use this natural link between level sets and the image evolution, and the nice properties of the geodesic curvature ow of curves on surfaces, to construct the natural ow for images on surfaces.
In 5] the second di erential operator of Beltrami is considered as a possible operator for the general heat equation under a given metric g, namely I t = g I.
In a di erent paper in this collection 19 ), i.e. the planar curvature ( ) ow. This is a natural analogy since considering a plane as the underlying surface, g becomes the Laplacian operator , and g becomes the planar curvature . Although the geometric heat equation ( ow) was explored and used for several applications, to the best of our knowledge, the geodesic curvature ow as a scale space has not yet been explored nor any other bending invariant ows. A geodesic curve is a curve along which the geodesic curvature is equal to zero. Thus, any small perturbation of a geodesic curve increases its length. Geodesics are locally the shortest paths on a given surface, and in case there exists a straight line on a surfaces it is obviously a geodesic curve. Evolving a curve on the surface by its geodesic curvature vector eld is the fastest way to shrink the curves`length and thereby evolve it into a geodesic. Another important geometrical property is the invariance of the geodesic curvature to bending of the surface. We will use these two properties, as well as the nice characteristics of this ow that were shown by Grayson 9] , to construct the g scale space.
4 From Curve to Image Evolution on a Surface
Our input is an image I(x;y) that is painted on the given surface S = (x; y;z(x;y)), see Fig. 2 . Using the fact the embedding is preserved under geodesic curvature ow of curves on surfaces, we may consider the image as an implicit representation of its iso-gray levels. This is just a mental exercise that will help us derive the geodesic curvature evolution of the image I(x;y) as a function of its rst and second derivatives, as well as the surface derivatives. Let t be the scale variable. Then the main result of this paper is the following intrinsic evolution for I(x;y) given as initial condition to: @I @t = K g (I x ;I y ;I xx ;I xy ;I yy ;z x ;z y ;z xx ;z xy ;z yy ); where K g is the geodesic curvature scale space function. I.e. the surface point (x; y; z(x; y)) has the gray level I(x; y).
Shortening ow:
The scale space is a shortening ow of the level sets of the image painted on the surface. 
Proof. We start from the evolution of the 3D level sets of I(x;y) on the surface S = (x; y;z(x;y)) that is given by the geodesic curvature ow @C @t = gN :
Where We note that the relation between curves evolving as level sets of a higher dimensional function was explored and used in 15, 18] to construct state of the art numerical algorithms for curve evolution. Based on the Osher Sethian numerical algorithm, the natural connection between shape boundaries and their images (a gray level image of a shape is considered as an implicit representation of the boundary of the shape) was used for the computation of o set curves in Computer Aided Design in 10]. The same motivation lead us to the proposed framework for which the numerical implementation enjoys the same avor of stability and accuracy. of I, and the same central di erence approximation for the surface spatial derivatives (z x ;:::). We have chosen mirror boundary conditions along the boundaries both for the image I and the surface z.
In the rst example we textured mapped the images of Lenna and an image of a hand onto a cylinder. Figure 4 present the invariance of the g ow to this simple banding of the original image plane. Figure 5 presents the evolution of Lenna image projected on three di erent surfaces (sin(x)sin(y), sin(2x)sin(2y), and a sphere). Each surface obviously results in a di erent ow, however the simpli cation of the image topology in scale towards geodesics on the surface is a joint property for all cases.
Summary
Using the relation between iso-gray level curves and the gray level image from which they are extracted, we derived an intrinsic evolution for images on surfaces. The ow is invariant to bending of the surface. Based on a shortening ow that was recently studied in curve evolution theory, the proposed g ow preserves the embedding of the gray levels along the evolution. The gray levels converge in nite time to points or to geodesics ( g converges to zero in the C 1 norm).
The result is a simple scale space with nice geometric properties, of which the two important ones are the simpli cation of the topology of the image in scale, and the invariance of the ow to bending of the surface on which the image is painted.
